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In a recent paper by D. Peralta-Salas in this journal (J. Differential
Equations 244 (6) (2008) 1287–1303) there appears an incorrect
result relating symmetries and ﬁrst integrals of a vector ﬁeld. The
proof relies on a nonexistent theorem in a paper by Sherring and
Prince (Trans. Amer. Math. Soc. 334 (1992) 433–453); the error is
corrected in this comment.
© 2009 Elsevier Inc. All rights reserved.
This comment concerns the paper “Period function and normalizers of vector ﬁelds in Rn with
n − 1 ﬁrst integrals” by D. Peralta-Salas, J. Differential Equations 244 (6) (2008) 1287–1303. I believe
that there is a substantive error in Proposition 2 of this paper. Moreover, my paper with James Sher-
ring [2] (Ref. [24] of Peralta-Salas) is cited in support of the proof of this proposition. However, the
result ascribed to us is not in our paper although the results that do appear there indicate a correct
replacement for the proposition in question.
What follows is a simple counterexample to the proof of Proposition 2 of Peralta-Salas [1] and
then a corrected version of the proposition. The context here is that V is a Ck (k 1) vector ﬁeld on
an open subset E of Rn and Ωn is the standard volume form on Rn. As it stands the proposition and
its proof are as follows:
Proposition 2. Let (S1, . . . , Sn−1, V ) be independent vector ﬁelds in some region E such that [V , Si] = μi V .
Then V has n − 1 independent (local) ﬁrst integrals ( f1, . . . , fn−1) on E.
Proof. Set Σ := Det(Sn−1, . . . , S1, V ), and now deﬁne n − 1 1-forms as follows:
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Σ
,
ω2 = − ιV ιS1 ιS3 . . . ιSn−1Ωn
Σ
,
.
.
.
ωn−1 = − ιV ιS1 . . . ιSn−2Ωn
Σ
.
It is not diﬃcult to prove that dωi = 0, i = 1, . . . ,n − 1, [24], thus showing that ωi = d f i (locally).
Since ιV ωi = 0 this implies that f1, . . . , fn−1 are independent ﬁrst integrals of V . 
Here is a counterexample to the construction in the proof. It is a counterexample on R4 because
4 is the smallest dimension on which the failure of the proposition is generic, see further comments
following the counterexample. Consider R4 with coordinates t, x, y, z, Ω4 = dt∧dx∧dy∧dz, V := ∂∂t .
Deﬁne E to be R4 without the points for which y  0 and further deﬁne
S1 := ∂
∂x
, S2 := ∂
∂ y
, S3 := z ∂
∂x
+ x ∂
∂ y
+ y ∂
∂z
.
Then
[V , Si] = 0, [S1, S2] = 0, [S1, S3] = S2, [S2, S3] = ∂
∂z
and Σ = y, so satisfying the conditions of Proposition 2. This gives, for example,
ω1 = dx− z
y
dz
which is clearly not closed on E .
The proof fails because there are no conditions in the statement of the theorem about the bracket
relations amongst the Si . In order to be closed each of the ωi must ﬁrst be Frobenius integrable
(a multiple of a closed form), equivalently, the annihilating co-distribution of each one be closed
under the Lie bracket. This means that each of the distributions Sp{V , S2, . . . , Sn−1}, . . . ,Sp{V , S1, . . . ,
Sn−2} must be closed under the bracket. The conditions of Proposition 2 are insuﬃcient to guarantee
this Frobenius integrability for n > 3. The example above demonstrates this fact since ω1 fails the
Frobenius integrability condition dω1∧ω1 = 0. For n = 3 Frobenius integrability is guaranteed because
there are only two Si but in general the ωi are not closed since [S1, S2] is not speciﬁed.
The following lemma, modiﬁed from [2], is key to understanding the ﬂaw in Proposition 2.
Lemma. Let θ be a Frobenius integrable one form nowhere zero on an open subset E ofRn. Let X be a symmetry
of (the kernel of ) θ with ιXθ = 0 on E. Then θιX θ is closed on E.
Proof. Use LXθ = βθ (symmetry) and dθ ∧ θ = 0 (Frobenius integrability) along with the identity
LXθ = ιXdθ +d(ιXθ). (Note that the Frobenius integrability guarantees that θ is a multiple of a closed
form and the symmetry vector X provides the integrating factor 1ιX θ .) 
Recalling that Σ = Ωn(Sn−1, . . . , S1, V ), the one forms ωi in Proposition 2 are of the form θιX θ but
the symmetry and Frobenius integrability conditions are missing. Prior to introducing Proposition 2
Peralta-Salas constructs vector ﬁelds (normalizers) Si from ﬁrst integrals of V . These vector ﬁelds
have the properties [V , Si] = μi V and [Si, S j] = λi j V for appropriate functions μi, λi j . If we add the
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closed by the Lemma.
Since the Peralta-Salas proposition is meaningless without its proof it is diﬃcult to argue that
the proposition is false, but certainly the proof is. The author’s statements about the equivalence of
ﬁrst integrals, normalizers, et cetera in Section 2 seem to be based on this incorrect proof. They are
rectiﬁed if the additional condition described above is added to Proposition 2 and there do not appear
to be implications for results elsewhere in the paper.
In general normalizers occur as symmetries of vector ﬁelds and the conditions [Si, S j] = λi j V are
rather artiﬁcial: if Si, S j are symmetries of V then so is [Si, S j] (by the Jacobi identity). Consequently
in the theory of reduction of order of differential equations the Si are taken to generate a Lie algebra;
moreover the condition [Si, S j] = λi j V is not feasible when the Si are prolongations of vector ﬁelds
on some base (conﬁguration) manifold.
The relevant theorem in our paper [2], Proposition 4.7, has exactly the missing conditions in what
we believe to be the most general form of the relation between symmetries and ﬁrst integrals. Here
is a version modiﬁed to ﬁt the circumstances and notation of Proposition 2 above. The proof utilises
the Lemma above.
Proposition. Let (S1, . . . , Sn−1, V ) be independent vector ﬁelds in some region E. Consider the distributions
Dk := Sp{Sk, . . . , Sn−1, V } for k = 1 to n − 1, Dn := Sp{V },
and suppose that S
 is a symmetry ofD
+1 for 
 = 1, . . . ,n−1 (that is, [S
, X] ∈D
+1 for X ∈D
+1). (Aside:
this means that all theD
 are Frobenius integrable.) Construct the forms
ω1 := − ιV ιS2 . . . ιSn−1Ωn
Σ
,
ω2 := − ιV ιS1 ιS3 . . . ιSn−1Ωn
Σ
,
.
.
.
ωn−1 := − ιV ιS1 . . . ιSn−2Ωn
Σ
.
Then locally
dω1 = 0; dω2 = 0 mod ω1; . . . ; dωn−1 = 0 mod ω1, . . . ,ωn−2
and V has n − 1 independent (local) ﬁrst integrals ( f1, . . . , fn−1) on E given by
ω1 = d f1; ω2 = d f2 mod d f1; . . . ; ωn−1 = d fn−1 mod d f1, . . . ,d fn−2.
The utility of this result is not restricted to existence arguments but it allows the construction of
ﬁrst integrals in the original co-ordinatisation without resort to the usual canonical coordinates. In
the conventional use of symmetries to reduce the order of differential equations the vector ﬁelds Si
would be the prolongations of the generators of a Lie algebra of point symmetries of a system of
differential equations represented by V . Optimal reduction occurs when the algebra is solvable (and
of suﬃcient dimension), for this reason the vector ﬁelds of the proposition above are said to form a
solvable structure.
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